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Review

* If Av = Av (v is a vector, A is a scalar)
* v is an eigenvector of A excluding zero vector
e Ais an eigenvalue of A that corresponds to v
 Eigenvectors corresponding to A are nonzero
solution of (A—Al )v=0

Eigenvectors Eigenspace of A:
corresponding to A

= Null(A—Al) — {0}
eigenspace
e A scalar t is an eigenvalue of A

@) |det(4 - tL,) =0

Eigenvectors
correspondingto A + {0}




Review

* Characteristic polynomial of A is

dee(a — o1, D

= (t —A2)™(t — 1,)™2 ... (t — )™ (......)

NN N

Eigenvalue: A Ay Ak

Eigenspace:  d, d, d;
(dimension) <my <m, < my



Outline

* An nxn matrix A is called diagonalizable if A =
pDp-1

* D: nxn diagonal matrix
* P: nxn invertible matrix

* |Is a matrix A diagonalizable?
* If yes, find Dand P

e Reference: Textbook 5.3



Diagonalizable

* An nxn matrix A is called diagonalizable if A =
pDp-1
* D: nxn diagonal matrix 0 1
* P: nxn invertible matrix A= [ 0 0 ]

* Not all matrices are diagonalizable » A2=0 (?)

If A=PDP! for some invertible P and diagonal D

A’=pPD*P ! =0 D*=0 D=0
» » o0 W

D is diagonal
) A0 x




P = [p1 Pn]
Diagonalizable A e 0
D=]|: . :
* If Ais diagonalizable _0 dn_
A=ppp~! mmmyp AP = PD
) /P — AP1 ALTL]
m) pp = Pldie; - dye,
= [Pdie; -+ Pd,e,]
= |d;Pe; -+ d,Pe,!
=[dipy - dnp,] === Ap; = d;p;

p; is an eigenvector of A corresponding to eigenvalue d;



Diagonalizable A, e 0

* If Ais diagonalizable
A=pPDpP !

p; is an eigenvector of A

corresponding to eigenvalue d;

There are n eigenvectors that form an invertible matrix

There are n independent eigenvectors

The eigenvectors of A can form a basis for R".



Diagonalizable A e 0

* If Ais diagonalizable

A=PDp71!

p; is an eigenvector of A

corresponding to eigenvalue d;

How to diagonalize a matrix A?

Find n L.I. eigenvectors corresponding if possible,

Step 1: and form an invertible P

Step 2: The eigenvalues corresponding to the
eigenvectors in P form the diagonal matrix D.



Diagonalizable

A set of eigenvectors that correspond to distinct

eigenvalues is linear independent.

dera 1) (KR

Eigenvalue: A Ay e Ax

Eigenspace: d, =my ...
(dimension)

Independent




Diagonalizable

A set of eigenvectors that correspond to distinct

eigenvalues is linear independent.

Eigenvalue: /A4 Ay

Eigenvector: U1 Uy e

V,=CV+C,V+ - +C V4

Av, = C,AV+CAV+ - +C, AV, 4
AV = AV ANV o AV

- AN = C AN AN e ANV

0 = ¢, (A =Ay) va+C (A=A Vot - +¢ (A= AV

Notc,=c,=--=¢,,=0 » Same eigenvalue » a contradiction



P = :pl pn]
Diagonalizable A, e 0
D=\|: =~
* If Ais diagonalizable 0 dn

p; is an eigenvector of A

A=PDp71!

det(A —tl,)
=(t—A)™((t—2A1,)M2 ... (t — A,)™(... ... )

corresponding to eigenvalue d;

Eigenvalue: A Ay e
Eigenspace: @ ......
{ Basis for A; Basis for A, Basis for A5 }

Independent Eigenvectors

You can’t find more!



Diagonalizable - Example

-1 0 0
* Diagonalize a given matrix A= 0 1 2
0 2 1

characteristic polynomial is —(t + 1)*(t — 3) E> eigenvalues: 3, —1

eigenvalue3  (Tg7 A =PDP, 0 1 0]
B = 1]} where p_l1 0 1

- ) | O _1_

eigenvalue —1 ] )
1170 3 0 O

B, =3 O,| 1 (¢ D = 8 _01 01

0f|-1 - -




Application of Diagonalization

e IfAis diagonalizable
A=PpPDp1 A™ = ppmp-1

127 15 .85 .15
.03

* Example:

A



From

Study FB 15
To Study [ .85 .{}3] -85 ’@ o‘ 97
.03
FB | .15 .97 | _ 4
.85
------ 5o =
727 15 .85 .15
.03
...... 8 3
273 97
15

[.727 85 .03 [.85 85 .03 [1]
273 Ao 97 .15 Ao 97 0

A=PDPp"l mmmy Am — ppmp-1



Diagonalizable

85 .03
e Diagonalize a given matrix A = [ 5 07 ]
det (A — t]g)
1 1 -1
A— 82, — [ ]:,m{ J
" RREF 00 1\P_ 11
ey
1 —.2 ; .
A— I — [ } :pzz{ (invertible)
RREF 0 0 5

82 0
Sk



Application of Diagonalization

-1 1 82 0
_ —1 __ __
A=PDP WhereP—[ | 5],D—[ 0 1]

Am. PD-m P 1

1 [ 1+5(.82)™ 1—(.82)™
5 —5(.82)™ 54 (.82)™

The beginning
AM = [1/6 1/6 condition does
5/6 5/6 not influence.



Test for a Diagonalizable Matrix

* An n x n matrix A is diagonalizable if and only if
both the following conditions are met.

The characteristic polynomial of A factors into

a product of linear factors.

o
= (£ = A)"™(t = 22)™2 .. (t — A4 ) "M

For each eigenvalue A of A, the multiplicity of A equals

the dimension of the corresponding eigenspace.




Independent Eigenvectors

An n x n matrix A is diagonalizable

The eigenvectors of A can form a basis for R".

det(A —tl,)

= (= A (E = A2 . (¢ — M)
Eigenvalue: A A, e Ax
Eigenspace: di=m; d,=my ... d; = my

(dimension)




This lecture

* Reference: Chapter 5.4

[T]q
vlg — W

simple
B~1 B

Properly Properly

selected selected

T
vV ) T ()



P=[p1 - Pn] -dl e 0
ReVieW eigenvector pD=|: .

eigenvalue | o ... d,

An n x n matrix A is diagonalizable (A = PDP™1)

The eigenvectors of A can form a basis for R".

det(A —tl,))
=(t—A)™({t—21,)M .. (t —A,)™(......)
Eigenvalue: A Ay e Ax
Eigenspace: Q ...... Q
{ Basis for A; Basis for 4, Basis for A5 }

Independent Eigenvectors




Diagonalization of Linear Operator

X4 | 8x; + 9x,
* Example 1: T( X2 ) =] —6bx; —7x,
X3 3x1 + 3x, — X3
det 8-t 9 0
The standard matrixis A=|—-6 -7 -t 0
3 3 —-1-t

— the characteristic polynomial is —(t + 1)%(t — 2)

Eigenvalue -1: Eigenvalue 2:

=17 [0 3 = B, U B, is a basis of R >
8= 11,]0 B,=|| -2
0 1 1




Diagonalization of Linear Operator

X1
x2 —
X3

—Xq1 + Xp + 2X3

* Example 2: T(

X1 — Xo
0
det [—-1-t1 2
The standard matrixis A= 1 —1 -t)
0 0 O -t

1 -1 O

lO 0 1]

O 0 O



Diagonalization of Linear Operator

* If a linear operator T is diagonalizable

33 ) T(v)

simple
- Eigenvectors form -
the good system
Properly Properly

selected selected

A PDpP1

1% — T(v)



;

Diagonalization of Linear Operator

()| fB{ 15 =

|
[v]g =T [T(v)]g

—1 0
0 —2] l 0 —2
1 8
6 —7

% — T(v)




